Let K∆ be the incidence algebra associated with a finite poset ∆ over the algebraically closed field K. We present a study of incidence algebras K∆ that are piecewise hereditary, which we denominate PHI algebras.
Introduction
Throughout the paper K denotes a fixed algebraically closed field. By an algebra we will mean a finite dimensional basic associative K-algebra, a module is always a finite dimensional right module.
Incidence algebras were introduced in the mid-1960s as a natural way of studying some combinatorial problems. In this work, we focus the study on incidence algebras K∆ associated with a finite poset ∆ over K.
The purpose of this paper is to study of incidence algebras that are piecewise hereditary, which we call PHI algebras, piecewise hereditary incidence algebras. In addition, given algebras A and B, we use the notation A ∼ = ′ B to say that A is derived equivalently to B, that is, D b (A) and D b (B) are equivalent as triangulated categories.
The paper is organized as follows: Section 2 is devoted to fixing the notation and briefly recalling the necessary concepts and results about incidence algebras and piecewise hereditary algebras. In section 3, we explore the simply conectedeness of PHI algebras in order to prove so called Skowroński problem:
Is A simply connected if and only if HH 1 (A) = 0?
Let H be a hereditary abelian category. We give a positive answer for PHI algebras K∆ ∼ = ′ H (that is K∆ and H are triangulated equivalent), in the cases where the quiver of tilting objects of K D b (H) is connected.
Theorem. Let K∆ be a PHI algebra such that K∆ ∼ = ′ H, whose oriented quiver
tilting objects is connected. The group HH 1 (K∆) is trivial if, and only if, K∆ is simply connected.
Let Q be a finite, connected quiver without oriented cycles and let KQ denote the path algebra of Q. We note that the theorem holds for PHI algebras of quiver type, that is when K∆ ∼ = ′ KQ. The section 4 is dedicated to the study of the global dimension of PHI algebras. In particular, we show that the representation-finite PHI algebras have global dimension less than or equal to two.
Skowroński, Happel and Zacharia have introduced a new homological notion called the strong global dimension. In section 5, we determine a upper bound of the strong global dimension of PHI algebras. Moreover, we extend this result to sincere algebras with the theorem:
Theorem. Let A be a sincere and piecewise hereditary algebra. Then, A has strong global dimension less or equal to three.
Let p 1 , . . . , p n be a set of integers bigger than zero and let X = X(p 1 , . . . , p n ) be a weighted projective line of type p 1 , . . . , p n , in the sense of [15] . Let Coh X be the category of coherent sheaves on X(p 1 , . . . , p n ). In section 6, is dedicated to the study of the PHI algebras K∆ ∼ = ′ Coh X. In this context, we study the canonical sincere K∆-module M and the one-point extension algebra K∆ [M ] . We show that if A is a representation-infinite quasi-tilted algebra of quiversheaf type with a sincere indecomposable module M (thus a special type of PHI algebra), then M is exceptional, which makes it possible to construct a PHI algebra of wild type as the form of one-point extension algebra K∆[M ] of some PHI algebra K∆ by the canonical sincere K∆-module M .
Preliminaries
In this section we will recall some definitions which we need. For more details in the subject of incidence algebras we refer to [31] , [7] , for the subject of piecewise hereditary algebras we refer to [19] , [11] , [20] , [17] , [25] , [28] , [30] , [5] , [6] , [24] , [23] , [27] , [1] .
There are several equivalent ways of defining incidence algebras, we describe next one way, for incidence algebras of finite posets. Definition 2.1 (incidence algebra). Let (∆, ) be a poset with n elements. The incidence algebra K∆ can be viewed as a quotient of the path algebra of the following quiver Q. The vertex set Q 0 is formed by the vertices associated with the points of poset ∆ and Q 1 by the arrows α of a vertex a to a vertex b, whenever a b and there is no a c b, with c = a and c = b.
Let I be the ideal generated by all commutativity relations γ − γ ′ , with γ and γ ′ parallel paths. The incidence algebra K∆ is KQ/I.
Next, we begin a quick review of the definition of derived category from an abelian category A. First, we recall that the category K(A) is the quotient of the category of the complexes of A with its ideal formed by the morphisms homotopic to zero.
The derived category D(A) is obtained from K(A) via localization with respect to the set of quasi-isomorphisms, that is, from the morphisms f : X → Y of the category of the complexes on A, in which the morphisms induced by the cohomologies
are isomorphisms, for each integer i. Throughout this paper, when we are referring to a bounded derived category of the category mod A of a K-algebra A, we denote by D b (A). Moreover, we assume that the K-category A is abelian, skeletally small, connected, and Extfinite (all the spaces of morphisms and the spaces of extensions Ext i (M, N ) have finite dimensions over K, for all objects M and N of A).
An abelian category H is called hereditary if the extension groups Ext n H (X, Y) are zero for all n ≥ 2 and for any pair of objects X and Y of H. When we say that an algebra A is piecewise hereditary, we mean that the category mod A is piecewise hereditary. It follows from Rickard's theorem that this is equivalent to the existence of a tilting object T in H such that A = (End H T )
op . The definition of tilting object is as follows:
Definition 2.3 (tilting object [18] ). Let H be a hereditary abelian Ext-finite K-category. The object T ∈ H is called tilting if
H (T, T ) = 0, and ii) for every X ∈ H the condition Ext
The above definition was inspired by the definition of a tilting module. Let p 1 , . . . , p n be a set of integers bigger than zero and let X(p 1 , . . . , p n ) be a weighted projective line of type p 1 , . . . , p n , in the sense of [15] . Let Coh X be the category of coherent sheaves over X(p 1 , . . . , p n ). Let Q be a finite, connected quiver without oriented cycles and let KQ denote the path algebra of Q. We state one of the most important theorems about piecewise hereditary algebras.
Theorem 2.4 (Happel [17] ). Let H be an abelian hereditary connected Kcategory with tilting object. Then H is derived equivalent to mod KQ or derived equivalent to Coh X for some weighted projective line X.
An algebra A is called a piecewise hereditary algebras of quiver type (or of type Q) or of sheaf type if A ∼ = ′ KQ for some quiver Q or A ∼ = ′ Coh X for some weighted projective line X, respectively.
Simply connectedness
In 1993, in the article [34] , Skowroński proposed the following problem:
Which classes of algebras A is it true that if A is in this class then it is simply connected if and only if HH 1 (A) = 0?
Let A be an algebra and E a A-A-bimodule which is finite dimensional over K. The Hochschild complex is the complex
where, for each i > 0, A ⊗i denotes the i-fold tensor product of A with itself over K. The map b
1 : E → Hom K (A, E) is defined by (b 1 x)(a) = ax − xa for x ∈ E, a ∈ A, and the differentials b i+1 are defined by The implication K∆ is simply connected then HH 1 (K∆) = 0 has already been proved for incidence algebras in general, De la Peña and Saorín showed the following result: Theorem 3.1 (De la Peña, Saorín [14] ). Let K∆ be an incidence algebra and (Q, I v ) a presentation of K∆. Then
On the other hand, in the implication "if HH 1 (K∆) = 0 then K∆ is simply connected" it should be noted that without the condition that K∆ is a PHI algebra, there exists the following counterexample. We can see in the projective plane, whose triangulation has the simplicial complex with the fundamental group isomorphic to Z 2 . Knowing that the fundamental group of the simplicial complex is isomorphic to the fundamental group of poset ∆ associated with this complex, applying the previous theorem:
then K∆ is not simply connected but HH 1 (K∆) = 0, if the characteristic of K is not 2.
We will show that for a class of PHI algebras the statement "if HH 1 (K∆) = 0 then K∆ is simply connected" is valid.
The main inspiration was the article "Topological invariants of piecewise hereditary algebras" [27] from Le Meur. From the results of Le Meur, we will need the construction of a Galois covering and its relation with the derived equivalences. In order to show this we use the fact that the oriented graph of tilting objects (defined below) is connected. Definition 3.2 (tilting graph [21] ). The oriented graph K H of tilting objects of a category H has the its vertices set in bijection with the isoclasses of the tilting objects. Let T ,T ′ be a non-isomorphisms tilting objects, there exist an arrow ([21] , [10] , [4] ). The case of the category Coh(X) of wild type is an open problem [4] . The result is valid for all other cases.
Before stating the theorem 3.4, we need the following result:
where g ∈ G and i ∈ {1, . . . , n}. (for g ∈ G and i ∈ {1, . . . , n}).
Then the triangle functor
induces the following connected Galois covering with group G:
The strategy of the proof of the theorem 3.4 is the construction of a Galois
, where T is a tilting object. This construction will start from a tilting object of D b (K∆). We will show that this tilting object of D b (K∆) has special properties that we will call galoisian. Moreover, the connectivity of the tilting graph of D b (H) will be important to demonstrate that for all tilting objects of D b (K∆) have these special properties.
Let F : C → K∆ with group G and C locally bounded.
by Le Meur [27] , Proposition 2.1. We say that a tilting object has the galoisians property the following conditions hold:
for every indecomposable direct summand X of T and g ∈ G\{1}; (H 3 ) Let ψ : K∆ → K∆ an automorphism (and therefore a Galois covering with trivial group), then ψ λ : mod K∆ → mod K∆ is an equivalence. So it induces a triangle equivalence ψ λ :
Proof. The first step is to consider any Galois covering F : C → K∆. So consider a Galois covering, as before, with group G, and C a locally bounded category of finite global dimension, for definition see section 4.
is connected, by Le Meur [27] , Proposition 4.1, Proposition 4.6 and Proposition 4.7, we have that any tilting object D b (K∆) has the galoisian properties. The tilting object satisfying the galoisian properties is essential to use the lemma 3.3 above.
Next, Le Meur constructs a Galois covering to B = End D b (K∆) T with the same group G of the Galois covering of K∆ in lemma 3.3 above. Now we can conclude our theorem by dividing in two cases depending on the type of hereditary abelian category H. We recall the following results:
A triangular algebra is simply connected if and only if it has no proper
Galois covering. 2. If K∆ is an incidence algebra, then all its presentations yield isomorphic fundamental groups.
Suppose H = mod KQ where Q is a finite connected quiver without oriented cycles. Since K∆ ∼ = ′ H, there exists a tilting object T in D b (K∆) such that H = End D b (K∆) T . By lemma 3.3, the algebra KQ admits a Galois covering with isomorphic group to the fundamental group of K∆. Since HH 1 (K∆) = HH 1 (KQ) = 0, we get that KQ is tree type, therefore simply connected. Then the fundamental group of K∆ is trivial. The other case is when H has no nonzero projective object. Hence there exist a squid algebra S such that H ∼ = ′ S. Consequently, there exist a tilting object
T . By lemma 3.3, the algebra S admits a Galois covering with isomorphic group to the fundamental group of K∆. By the article of Le Meur [27] , HH 1 (K∆) = HH 1 (S) = 0, then S is simply connected. We conclude that the fundamental group of K∆ is trivial.
Global dimension
The projective dimension of an object M in an abelian category A is by definition
and the global dimension of A is the sup{pd A M : M is an object in A}.
When we refer to the global dimension of algebras A, we are considering the global dimension of the category mod A. The piecewise hereditary algebras have finite global dimension. We mention the following result: Theorem 4.1 (Happel-Reiten-Smalø [19] ). Let A be a piecewise hereditary, abelian category with finite length and n non-isomorphisms simples objects. Then the category A has global dimension less than or equal to n.
An interesting question is whether there is a special upper bound for PHI algebras? We found a positive answer in the article "Bounds on the global dimension of certain piecewise hereditary categories" [25] of Ladkani. He obtained another upper bound for the global dimension of piecewise hereditary algebras. Before we state Ladkani's theorem, some concepts are needed. Let G(A) be the directed graph whose vertices are the isomorphism classes of indecomposables of A, and there exist a arrow M −→ M ′ between the vertices M and
In this graph, a walk between two vertices is a sequence ǫ = (ǫ 0 , . . . , ǫ r−1 ), in {−1, 1} r and r is an integer greater than or equal to one. We note that the hypothesis piecewise hereditary is necessary, for example, the result is not valid for the class of local algebras which, in general, have an infinite global dimension. One of the consequences of the theorem concerns the so-called sincere algebra. We recall that an algebra is called sincere if it admits a sincere indecomposable module in its category of modules, that is, an indecomposable module such that all simple modules occur as factors of its composition series. Incidence algebra are sincere as we see next.
Proposition 4.3. Let K∆ = KQ K∆ /I be an incidence algebra. Then K∆ is a sincere algebra.
Proof. We need to show the existence of a module M indecomposable sincere about K∆. The candidate M is the module associated with the following representation: a) for each vertex a in Q K∆ we associate K; b) for each arrow α : a → b in Q K∆ We associate the identity 1 :
First, we will show that M is indecomposable. For this, we will study the End M . We consider f = (f a ) a∈Q0 a non-zero morphism of End M . Thus, there exists f a : K → K not zero for some a ∈ Q 0 , implying that f a is an isomorphism. Given an arrow α : a → b, we have that f a 1 = 1f b . If the arrow is in the other direction, we get the same result. Thus, no matter the direction of the arrow, we conclude that f a = f b . So, since the graph is connected, we always have a walk connecting the vertex a to any vertex c:
By a finite process, we conclude that f a = f c for all vertex c of Q K∆ and consequently End M ∼ = K. Then M is an indecomposable module. It is clear that M is sincere. Therefore, M is a sincere indecomposable module over an incidence algebra K∆.
Definition 4.4. We call the module M in the proposition above the canonical sincere module.
We confirm that PHI algebras are sincere, so the following result applies to them. The representation-finite sincere algebras have global dimension less than or equal to two. Before proving this affirmation, we need the definition of a directed module. Definition 4.6 (directed module). Consider a cycle in the module category, that is a sequence:
where f i are non-zero morphisms between indecomposables and non-isomorphic modules, for each 1 ≤ i ≤ t.
Let M be an indecomposable module, M is called directed if it does not belong to any cycle.
Happel showed in the article "On the derived category of a finite-dimensional algebra" the following result: Let A be a directed algebra, given an indecomposable M in mod A, if there is a non-isomorphism, non-zero M f − → M then M belongs to a cycle. This contradicts the fact that A is directed. Thus, we observe that End M is isomorphic to K for any indecomposable module M over a directed algebra A. Now, we use the following Ringel theorem [32] :
Theorem 4.8 (Ringel [32] ). Let A be an algebra having a sincere and directed indecomposable module. Then A is a tilted algebra.
We prove the next result:
Proposition 4.9. Let A a representation-finite sincere algebra. Then A is a tilted algebra, consequently gldim A ≤ 2.
Proof. We need to show that mod A has a sincere and directed indecomposable module. We know that mod A has a canonical sincere module. Since A is a representation-finite sincere algebra, this sincere indecomposable A-module is directed, thanks to Happel's result 4.7. This show that A is a tilted algebra, therefore it has global dimension dimension less than or equal to two.
Another connection we can make with the global dimension is with the strongly simply connected incidence algebras. Before we show some results in this direction, we will introduce a family of algebras with global dimension equal to three called critical algebras.
Definition 4.10 (critical algebra [8] ). Let B be an algebra. We say that B is critical if it satisfies the following properties:
(i) B has a unique source i and a unique sink j, (ii) Let S a be a simple module associated with source a and let S b be a simple module associated with sink b, then pd S a = 3 and id S b = 3. If S is a simple module associated with other vertice then pd S ≤ 2 and id S ≤ 2. (iii) Consider the minimal projective resolution of the simple module S a :
Let P be the following projective module, P = 3 k=0 P k . Then all indecomposable projective are in add P , and each indecomposable projective is a direct summand of exactly one P k , for k ∈ {0, . . . , 3}. (iv) Consider the minimal injective resolution of the S b :
Consider the B-module I = 3 k=0 I k . Then all indecomposable injectives are in add I, and each indecomposable injective is a direct summand of exactly one I k , for k ∈ {0, . . . , 3}. (v) B does not contain any proper full subcategory that verifies i), ii), iii) e iv).
A description of the quivers with relations of all the critical algebras can be found in the work "A criterion for global dimension two for strongly simply connected schurian algebras" [8] . 
In the case Q n ,above, the relations are given by declaring that two parallel paths are equal.
Using this proposition, we see that the only critical incidence algebras are the ones whose quiver is the Q n , since the presentations of algebras A 1 , A l , B 1 and B l have non-commutative relations.
Now we can state a theorem of Bordino, Fernández and Trepode [8] which we will use in our proposition 4.14.
Theorem 4.12 (Bordino-Fernández-Trepode [8]). Let A be a strongly simply connected schurian algebra with global dimension greater or equal three. Then there exists a full subcategory B of A such that B is critical.
Before stating the proposition 4.14, we need the following result: Now we have the result on incidence algebras. Proposition 4.14. Let K∆ be a strongly simply connected incidence algebra. Then the global dimension of K∆ is less than or equal to two.
Proof. We recall that an incidence algebra is a schurian algebra. If the global dimension of K∆ is greater than or equal to three then it will contain a full subcategory B that is critical. Since K∆ is an incidence algebra, B is of the form Q n and thus, the incidence algebra K∆ would contain a crown. This contradicts the result above.
The result is proved
Strong global dimension
Let P A be a full subcategory of mod A consisting of the projective modules. We denote C b (P A ) the category of bounded complexes with entries in P A and K b (P A ) the corresponding homotopic category.
is not zero, there are integers r ≤ s such that P i = 0 for all i < r and P i = 0 for all s < i, with P r and P s not zero. The length of P is defined as l(P ) = s − r.
Definition 5.1 (strong global dimension [22] ). Let A a finite-dimensional algebra. Then, we define the strong global dimension of A by
Observe that the strong global dimension can be infinite. The next theorem is important in the study of the strong global dimension for PHI algebras.
Theorem 5.2 (Happel-Zacharia [22]). Let A a finite-dimensional algebra. The algebra is piecewise hereditary if and only if sgldim A is finite.
Thus it is clear that PHI algebras have finite strong global dimension. A tool to compute the strong global dimension of an algebra is the following theorem. 
Theorem 5.3 (Alvares, Le Meur, Marcos [1]). Let T be triangulated category which is triangle equivalent to the bounded derived category of a hereditary abelian category. Let T ∈ T a tilting object. There exists a full and additive subcategory H ⊂ T which is hereditary and abelian, such that the embedding H ֒→ T extends to a triangle equivalence
D b (H) ∼ = T ,1]). Let T ∈ D b (H) be a tilting object such that A = (End T ) op . Given a object Y in D b (H), we define ℓ + T (Y ) = sup{n ∈ Z | Hom D b (H) (Y, T [n]) = 0} ℓ − T (Y ) = inf{n ∈ Z | Hom D b (H) (T [n], Y ) = 0}.
Then the strong global dimension of A is sgldim
We want to give an upper bound for the strong global dimension of the PHI algebras. We have a more general result. Using the sincere module property, for each i ∈ {1, . . . , n} it follow:
. Now, for each i ∈ {1, . . . , n}, we have the following:
Therefore m i = m or m i = m − 1, for each i ∈ {1, . . . , n}, implying that the indecomposables direct summands of T are in
and shows that sgldim A ≤ 3.
As an immediate consequence of previous theorem, we get the following:
Another corollary is what has already been proved by Ladkani in [25] .
Corollary 5.7. Let A be a sincere, piecewise hereditary algebra. Then
Proof. This is a consequence of inequality gldim A ≤ sgldim A.
Example 5.8. The incidence algebra, whose quiver is given below, is a PHI algebra which has global dimension equal to three, and therefore it also has strong global dimension three.
•
By the result 4.14, the family of PHI algebras that has the global dimensional and strong global dimension equal to three are not strongly simply connected. Can this family be more characterized?
PHI algebra of sheaf type
In 1987, Geigle and Lenzing introduced the category Coh X called category of coherent sheaves on the weighted projective line X [15] . This category has an important relation with the category of modules over a canonical algebra, Coh X is derived equivalent to category of modules over a canonical algebra C(p, λ) [15] . Some references to this type of algebra are: "Tame algebras and integral quadratic forms" [32] and "Elements of the representation theory of associative algebras, volume three" [33] .
The article "A class of weighted projective curves arising in representation theory of finite dimensional algebras" [15] by Geigle and Lenzing, and the paper "Introduction to coherent sheaves on weighted projective line" [11] by Chen and Krause are important texts for an introduction to the theory of category of coherent sheaves on weighted projective line. We will use the characterization of the category Coh X exposed in "Hereditary noetherian categories with a tilting complex" [28] by Lenzing.
The PHI algebras K∆ ∼ = ′ Coh X, were studied in the article "Which canonical algebras are derived equivalent to incidence algebras of posets?" [26] of Ladkani, which in part, relates to our work. This article was published in 2008, and presents a direct study of PHI algebras of sheaves type or PHI algebras of canonical type, nomenclature influenced by the derived equivalence between the categories Coh(X) and the category of modules over a canonical algebra C(p, λ). The main theorem of this article follows:
We shall use the notation Coh(X) = C. The previous categories C are divided into 3 disjoint classes that are: quiver, tubular and wild. These classes are characterized according to the Euler characteristic X (X) of the weighted projective lines, let X = (p 1 , . . . , p n ; λ 3 , . . . , λ n ), the Euler characteristic is defined as follows:
If C has the Euler characteristic greater than zero then C is of quiver type, that is, it is derived equivalent to category of modules over a hereditary algebra of extended Dynkin type. If C has the Euler characteristic equal to zero then it is of the tubular family, the wild family has the negative Euler characteristic. An algebra A is called a piecewise hereditary algebras of quiver-sheaf type or of tubular-sheaf type or of wild-sheaf type if A ∼ = ′ C where C is of quiver type or C is of tubular type or C is of wild type, respectively.
For the purpose of exhibiting some families of PHI algebras of sheaves type, we will study one-point extension. The works of Barot, De la Peña and Lenzing ([5] , [6] and [13] K∆ : We denote C + (resp. C 0 ) the full subcategory of all vector bundles (resp. sheaves of finite length) on X.
Assume that we have a triangular equivalence:
We were inspired by the work "Quasi-tilted algebras of canonical type" [30] and show that the canonical sincere module M is associated, by F , with a bundle. Lenzing and Skowroński characterize each indecomposable module over a representation-infinite, quasi-tilted algebra of sheaf type. Now we can state a theorem of Lenzing and Skowroński [30] which we will use in our proposition 6.4. Proof. We consider A = P 1 ⊕. . .⊕P n the decomposition of A in indecomposable modules. By hypothesis, D b (A) is equivalent as a triangulated category to
Using the sincere module property, for each i ∈ {1, . . . , n} it follow:
For each i ∈ {1, . . . , n}, Q i [p] is an indecomposable direct summands of T , where T decompose into a direct sum
is isomorphic to an indecomposable direct summand of T consequently p ∈ {−1, 0}, and moreover m = 0.
We use the proposition of Lenzing-Skowroński [30] 
eliminating the case a). Similarly, we eliminate the cases c) and e). This show that F M is a bundle.
Case A is a almost concealed-canonical algebra, see [30] , then T = T + ⊕ T ′′ 0 . Implies that p = 0 and m ∈ {0, 1}, where
This contradicts that T + is a bundle and Y is a finite length sheaf. Therefore F M is bundle.
The next step is to demonstrate that the canonical sincere module M , of a PHI algebra is exceptional. We recall the definition of exceptional object: Definition 6.5 (exceptional). An object E in a triangulated K-category T is called exceptional if End(E) = K and, E not have auto-extensions, that is, Hom T (E, E[n]) = 0 for each non-null integer n.
Corresponding, let A a finite dimensional K-algebra, the A-module E is called exceptional if End(E) = K, and Ext
Again, the next proposition is not specific to incidence algebras. Proposition 6.6. If A is a representation-infinite quasi-tilted algebra of quiversheaf type with a sincere indecomposable module M , then M is exceptional.
Proof. We have a triangulated equivalence:
We show that Ext
By proposition 6.4, F M in C + . Therefore, F M is a bundle. Then we use the theorem of Lenzing-Reiten [29] which states that if C of quiver type, then each indecomposable bundle is exceptional.
Hence, the sincere indecomposable module M is exceptional.
Before stating the lemma 6.8, we need the following result:
Theorem 6.7 (Lenzing-De la Peña [13] ). Let A be an algebra derived equivalent to a canonical algebra Λ of weight type (p 1 , . . . , p n ). We fix a triangle-equivalence Proof. We have a triangulated equivalence:
By proposition 6.6, M is exceptional. Moreover, by proposition 6.4, M associated, by F , with a exceptional vector bundle over X. We use the theorem of Lenzing-De la Peña [13] above. We conclude that A[M ] is derived equivalent to the path algebra of a wild connected quiver. K∆ :
Let K∆ be a PHI algebra of tubular-sheaf or wild-sheaf type, we are interested in characterize which modules M are such that K∆[M ] is piecewise hereditary. The works ( [5] , [6] and [13] ) deal with this situations. The most present hypothesis on M is the requirement that M is a derived simple module. We recall the definition. Definition 6.10 (derived simple). Let X be a indecomposable module over a algebra A of finite global dimension. X is called derived simple, if the following conditions are satisfied:
i) the "middle term" E of the Auslander-Reiten triangle
It is natural to ask when the canonical sincere module is exceptional? Before stating the proposition 6.12 about canonical sincere exceptional module, we need the following result: Proof. The first step is to show that K∆ is simply connected. This follows from the theorem of Assem-Skowroński, [3] , which states that if A is a algebra derived equivalent to tubular canonical algebra or to euclidean hereditary algebra, then A is simply connected.
We get that K∆ is simply connected. The second step is to prove that K∆ is strongly simply connected. This follows from the result of Bretscher-Gabriel [9] which states that a representationfinite algebra is strongly simply connected if, and only if, the algebra is simply connected.
The final step in the proof is to use proposition of Gastaminza-De la Peña-Platzeck-Redondo-Trepode [12] above. Therefore the canonical sincere module M is exceptional.
We recall that a strongly simply connected PHI algebra is quasi-tilted, by proposition 4.14.
Let K∆ be a quasi-tilted PHI algebra. Thus, by propositions 6.6 and 6.12, we ensure that M is exceptional K∆-module only for:
• K∆ of quiver-sheaf type;
• representation-finite K∆ of tubular-sheaf type.
